Abstract. A stellarator is said to be omnigeneous if all particles have vanishing average radial drifts. In omnigeneous stellarators, particles are perfectly confined in the absence of turbulence and collisions, whereas in non-omnigeneous configurations, particle can drift large radial distances. One of the consequences of omnigeneity is that the unfavorable inverse scaling with collisionality of the stellarator neoclassical fluxes disappears. In the pioneering and influential article [Cary J R and Shasharina S G 1997 Phys. Plasmas 4 3323], the conditions that the magnetic field of a stellarator must satisfy to be omnigeneous are derived. However, reference [Cary J R and Shasharina S G 1997 Phys. Plasmas 4 3323] only considered omnigeneous stellarators in which all the minima of the magnetic field strength on a flux surface must have the same value. The same is assumed for the maxima. We show that omnigenenous magnetic fields can have local minima and maxima with different values. Thus, the parameter space in which omnigeneous stellarators are possible is larger than previously expected. The analysis presented in this article is only valid for orbits with vanishing radial width, and in principle it is not applicable to energetic particles. However, one would expect that improving neoclassical confinement would improve energetic particle confinement.
Introduction
Charged particles are not necessarily confined in the three dimensional stellarator magnetic fields. Particles can move long distances away from the flux surface in which they started, causing large neoclassical transport. For this reason, stellarators must be optimized using sophisticated codes [1, 2, 3] to reduce neoclassical transport to acceptable levels [4, 5, 6, 7] . The pioneering work of Cary and Shasharina [8, 9] gave the conditions that the magnetic field on a flux surface has to satisfy to reduce the average particle radial drift to zero. A flux surface that satisfies the conditions given in [8, 9] is said to be omnigeneous. It will have neoclassical particle and energy fluxes comparable to those in a tokamak and consequently, negligible compared to turbulent fluxes.
Cary and Shasharina [8, 9] did not consider all possible classes of omnigenenous stellarators. References [8, 9] correctly show that the local minima of the magnetic field strength B on a magnetic field line have the same value as the closest local minima in the contiguous magnetic field lines on the same flux surface. The same happens to local maxima. However, in addition to this condition, a large part of the discussion in references [8, 9] assumes that all these minima must have the same value on a given flux surface. Similarly, it is assumed that all the maxima must have the same value. In other words, it is assumed that there cannot be local minima larger than the global minimum, and there cannot be local maxima smaller than the global maximum (the situations that references [8, 9] consider and ignore are sketched in figure 1 ). However, it is not necessary for omnigeneity that all the minima in the flux surface have the same value and that all the maxima are the same, as we proceed to show by constructing an omnigeneous magnetic field that does not satisfy this condition. We first review the arguments given in [8, 9] , and we then use them to construct a solution with local minima and maxima of B that do not have the same value.
Note that this article relies heavily on the work in [8, 9] , and only extends it. It does not detract from the importance of the original work. However, we believe that this correction is needed because the assumption that the value of all the local minima and maxima of the magnetic field in an omnigeneous stellarator only depends on the flux surface is considered to be true by a large part of the community.
Conditions for an omnigeneous magnetic field
Since to lowest order particles move only along magnetic field lines, it is convenient to use coordinates that clearly distinguish between motion across and along the magnetic field. We use a radial coordinate ρ to label flux surfaces, an angle α to label magnetic field lines on a given flux surface (we give an exact definition of α below in (9)), and the arc length of the magnetic field line to locate a particle along a magnetic field line once ρ and α are given. To lowest order, the magnitude of the velocity v and the pitchangle-like variable λ = v Profiles of B(l) on a given magnetic field line (a) considered and (b) ignored in [8, 9] . Here l is the arc length of the magnetic field line. In figure 1(b) , the quantity ∆l(ρ, B), defined in (8), is sketched. Note that the definition of ∆l is independent of α in an omnigeneous stellarator, but it depends on the well. Even though the value of B is the same, ∆l in the two contiguous wells in figure 1 
velocity depend only on the magnitude of the magnetic field,
where σ = ±1 is the sign of the parallel velocity. Particles with λ < B −1 max , where B max (ρ) is the maximum value of B on the flux surface ρ, have a parallel velocity that never vanishes, and sample the entirety of the flux surfaces that the magnetic field lines cover ergodically (the number of flux surfaces in which magnetic field lines close on themselves is negligible). These passing particles always have a vanishing average radial magnetic drift. Particles with λ > B −1 max are trapped between the bounce points l b1 (ρ, α, λ) and l b2 (ρ, α, λ) that satisfy B(ρ, α, l b1 ) = λ −1 = B(ρ, α, l b2 ). In general, trapped particles do not have vanishing average radial magnetic drift, and they can drift off flux surfaces. Because trapped particle orbits are periodic to lowest order, they must conserve the second adiabatic invariant
when they drift away from the magnetic field line where they started. These particles move to another flux surface if there is no trapped orbit in a contiguous magnetic field line on the same flux surface that has the same values of v, λ and J || . Thus, to make the radial drift of trapped particles vanish, we need to find magnetic field configurations in which
This condition, which is the definition of omnigeneity, must be satisfied for all λ in the interval [B As a result, it imposes several important constraints on the magnetic field that were first deduced in [8, 9] . We proceed to discuss these constraints one by one.
(i) Along the magnetic field line defined by ρ and α, the magnitude of the magnetic field B has in general several local minima and maxima. We use l m,j (ρ, α) and B m,j (ρ, α) to denote the location and value of the j-th local minimum, and l M,k (ρ, α) and B M,k (ρ, α) for the location and the value k-th local maximum. We choose the indices j and k such that
, where J(ρ, α) and K(ρ, α) are the number of local minima and maxima on the magnetic field line defined by ρ and α. Particles with λ = B −1 m,j located at l m,j do not move along magnetic field lines because they are completely trapped at l = l m,j , but they move across magnetic field lines searching for a local minimum with value B m,j . If there is no such a minimum within the flux surface defined by ρ, they need to move to one of the contiguous flux surfaces. Thus, to be omnigeneous, the magnetic field has to be such that the contour B = B m,j crosses all magnetic field line and closes on itself poloidally, toroidally or helically. This condition can be written as
Then, B m,j does not depend on α, and we find
However, in contrast to what is assumed in parts of [8, 9] , one cannot show that all the local minima are equal to B min (ρ). A similar but more sophisticated argument for particles with λ values close to B M,k located at l M,k gives (see section III.B of [9] )
As a result, the contour B = B M,k crosses all magnetic field lines and closes on itself poloidally, toroidally or helically. The local maxima B M,k do not depend on α, leading to
Again, in contrast to what is assumed in [8, 9] , it is not possible to prove that all the local maxima are the same as B max (ρ).
(ii) Condition (3) can be used to show that the distance along a magnetic field line between two points l b1 (ρ, α, λ = B −1 ) and l b2 (ρ, α, λ = B −1 ) that have the same value of B and are both within the same magnetic well is independent of α (see section III.C of [9] ), that is,
Note that the function ∆l depends on the well, as shown in figure 1(b) . This condition can be easily restated in a particular type of straight field line coordinates known as Boozer coordinates [10] . We only need two properties of the Boozer coordinates. First, for θ the Boozer poloidal angle and ζ the Boozer toroidal angle, the angle α is
where ι(ρ) is the rotational transform. Second, for fixed ρ and α, the relation between the arc length of the magnetic field line and the toroidal angle, dl/dζ, only depends on ρ and the value of B at (ρ, α, l). This property of dl/dζ and equation (8) give that the angular separation between the two points l b1 and l b2 can only depend on ρ and B,
(iii) Using result (10) and the fact that most flux surfaces are covered ergodically by a magnetic field line, it is possible to show that the contour B = B max is a straight line in Boozer coordinates (see section III.C of [9] ). Note that this is a property of the global maximum B max (ρ), and not of the local maxima B M,k .
Importantly, due to the fact that the local maxima B M,k satisfy conditions (i) and (ii), particle transitions from barely passing orbits to barely trapped orbits due to collisions or other effects are equivalent to the same transitions in a configuration with only one global maximum. In both cases, the radial magnetic drift vanishes at the maxima so transitioning particles do not take a large radial step, and barely trapped particles are radially confined. As a result, transitions from passing to trapped do not cause an increase in the radial flux of energy or particles. 
Example
The properties listed above can be used to construct an omnigeneous magnetic field with more than one local minima B m,i and more than one local maxima B M,k . We follow a procedure similar to the one proposed in section V of [9] . To define the function B(θ, ζ), we use the intermediate coordinate η(θ, ζ), defined such that the contours of constant η are contours of constant B,
where B 0 is a normalization constant. The function f (η) is the function that gives the number and type of local minima and maxima. To give an example with local minima and maxima that are different from B min and B max , we focus on the function The function η(θ, ζ) is chosen so that B(η(θ, ζ)) satisfies properties (i), (ii) and (iii) in section 2. We start by choosing the shape of the contours η = η M,2 and η = η M,3 that correspond to B max . These contours must satisfy property (iii). Without loss of generality, we choose the contour B = B max to be ζ = 0, 2π. Then, η = ζ at ζ = 0, 2π (see the sketch in figure 3(a) ). According to property (i), the contours η ∈ {η m,1 , η m,2 , η M,1 , η M,2 , η M,3 } must close on themselves. Since we have already chosen the contours η = η M,2 , η M,3 to be ζ = 0, 2π, and contours cannot cross each other, the contours η = η m,1 , η m,2 , η M,1 , and consequently all the contours of constant B, must close poloidally. Thus, the function η is defined by
where the function G vanishes for η = 0, 2π and is defined such that the relation between ζ and η is invertible.
To completely determine G(θ, η) we only need to know this function in certain regions of the (θ, η) plane. In particular, for the function B/B 0 = f (η) in equation (12) and figure 2, we need information in the regions highlighted in figure 3(a) . We need to know G(θ, η)
• in the region η ∈ [0, η m,2 ], where
• partially, in the region η ∈ [η M,1 , η m,1 ], where the difference
must be given;
• and on one magnetic field line (for example, α = 0), where
Here θ α=0 (η) is the solution to equations (13) and α = θ − ιζ = 0 for a given η.
Using equation (16) we can obtain the angular difference ∆ζ(B) that according to property (ii) can only depend on the value of the magnitude of the magnetic field. Since η and B are almost equivalent, we write ∆ζ as a function of η. All the values of B can be mapped to the intervals η ∈ [η m,2 , η M,1 ] and η ∈ [η m,1 , 2π]. In these intervals, we define the function
The function η l (η) gives the location η l to the immediate left of η that satisfies f (η l ) = f (η). The function η l is sketched in figure 4 . Once the function ∆ζ(η) is known, we can use the fact that ∆ζ only depends on the magnitude B to calculate G(θ, η) from (14) and (15) . We find
Note that the function G(θ − ι∆ζ(η), η l (η)) that appears in the formula for G(θ, η) for 
and
we obtain the function η(θ, ζ) given in figure 3(b) . The final omnigeneous magnetic field B/B 0 = f (η(θ, ζ)) is given in figure 5 .
Discussion
With the example in figure 5 , we have shown that in an omnigeneous stellarator, the values of the magnetic field strength at local minima do not have to be the same on a given flux surface. The same is true for the local maxima. An omnigenenous toroidal flux surface must satisfy several conditions. The local maxima (minima) on a magnetic field line must have the same value as the closest maxima (minima) in the contiguous magnetic field line, forming curves of constant magnetic field strength that must close poloidally, toroidally or helically. In addition to this condition, the contours corresponding to the global maximum of the magnetic field strength on the flux surface have to be straight lines in Boozer coordinates. A consequence of these conditions is that the magnetic field strength wells extend until they close on themselves poloidally, toroidally or helically. The distance along a field line between two contours with the same value of magnetic field strength on two opposite sides of a well is a function only of the flux surface and of the well.
The extra assumption that all the local minima and all the local maxima have the same value has been used for simplicity in previous work, such as [11, 12] . The results of these papers only need to be generalized slightly to account for local minima and maxima with values different from the global minimum and maximum on the flux surface, but the qualitative results are probably unchanged.
In certain classes of stellarators, it may be beneficial for the minima of the magnetic field strength on a flux surface to have similar values [13] , but we have shown that in general this is not a necessary condition for optimized stellarators. The more general conditions for omnigeneity discussed in this article ensure that the neoclassical fluxes do not scale inversely with collisionality. These conditions have been derived for a flux surface without consideration of the neighboring flux surfaces because we have limited our analysis to particles with small radial orbit widths. The study of long term confinement of energetic particles [14, 15] requires a more careful analysis than the one performed here, but one would expect that optimizing neoclassical fluxes would improve energetic particle confinement.
In practice, the design of an omnigeneous stellarator experiment would be based upon the multiple-criteria optimization procedures analogous to those used in references [1, 2, 3] to identify a 3D MHD equilibrium. As part of such a design, collisionless charged particle losses would need to be computed directly using the codes based on the guiding center drift equations, as in [14, 15] . However, due to the high dimensionality of the optimization problem, simple but robust optimization criteria are required to use the optimization codes effectively, for selecting appropriate weighted cost functions, initial configurations, and search algorithms. Our results here give such criteria. An optimization that imposed that the local minima and maxima must be the same on a given flux surface could give a stellarator close to omnigeneity, but it would have ignored a large part of the allowed parameter space, therefore missing potentially better solutions.
